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Abstract
We prove in this paper that the minimizer of Lennard-Jones energy per particle among
Bravais lattices is a triangular lattice, i.e. composed of equilateral triangles, in R2 for large
density of points, while it is false for sufficiently small density. We show some characterization
results for the global minimizer of this energy and finally we also prove that the minimizer of the
Thomas-Fermi energy per particle in R2 among Bravais lattices with fixed density is triangular.
AMS Classification: Primary 82B20 ; Secondary 52C15, 35Q40.
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1 Introduction
Understanding the structure of matter at low temperature has been a challenge for many years.
In this case, one of the simplest models is to consider identical points as particles interacting in a
Lennard-Jones potential. This model is deterministic, therefore we do not consider either entropy
nor other quantum effects. The problem is to find the configuration of the points which minimize
the total interaction energy, called the Lennard-Jones energy. Radin, in [17], studied this problem
in one dimension and showed that, in the case of infinite points, the minimizer is periodic. His
method is not adaptable in higher dimensions and he studied, in [19, 24] the case of short range
interactions and proved the first result of crystallization in two dimensions for a hard-sphere model.
In the meantime, Ventevogel and Nijboer gave in [32, 33, 34] more general results in one dimension
for Lennard-Jones energy per particle. Indeed, they showed that a unique lattice of the form a0N
minimizes the Lennard-Jones energy and that all lattices aN with a ≤ a0 minimize this energy
when the density of points ρ = a−1 is fixed. Our paper gives some results in the spirit of the latter
paper.
After a numerical investigation of Yedder, Blanc, Le Bris, in [6], about the minimization of the
Lennard-Jones and the Thomas-Fermi energy in R2, it seemed that the triangular lattice, also called
“hexagonal lattice” – which is composed of equilateral triangles – is the minimum configuration
for Lennard-Jones energy among any lattices and for Thomas-Fermi energy with nuclei density
fixed. Some time after, Theil, in [30], gave the first proof of crystallization in two dimensions for a
“Lennard-Jones like” potential, with a minimum less than one but very close to one and long range
interaction. He showed that the global minimizer of the total energy is triangular. His method
was adapted by E and Li, in [13], for a three-body potential with long range interactions in order
to obtain a honeycomb lattice as global minimizer – see also the works of Mainini, Piovano and
Stefanelli in [20, 21] about the crystallization in square and honeycomb lattices for three-body
potentials with short range interactions – and by Theil and Flatley in three dimensions in [16].
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Furthermore Montgomery, in [22], proved that the triangular lattice is the unique minimizer of
theta functions among Bravais lattices with fixed density and hence the unique minimizer of the
Epstein zeta function, thanks to the link between these two functions. As the Lennard-Jones poten-
tial is a linear sum of Epstein zeta functions, it is natural to study the problem of minimization of
the Lennard-Jones energy among Bravais lattices with and without fixed density. However, there
are few results about minimization in the general case of periodic systems. For example, Cohn
and Kumar described in [8] a method and a conjecture for completely monotonic functions. It is
interesting to observe that this kind of problem is connected with the theory of spherical design
due to Delsarte, Goethals and Seidel in [12] and linked to the layers of a lattice, among others, by
Venkov and Bachoc in [31, 3] and by Coulangeon et al. in [9, 11, 10].
In this paper, our main results are :
Theorem:
• Let VLJ(r) = r−12 − 2r−6 be the Lennard-Jones potential, then the minimizer of the energy
ELJ(L) =
∑
x∈L\{0}
VLJ(‖x‖) among all Bravais lattices of R2 with fixed density sufficiently
large is triangular and unique, up to rotation.
• A minimizer of ELJ among all Bravais lattices with fixed density sufficiently small cannot be
triangular.
• Let WTF : R∗+ → R be the solution of −∆h + pih = δ0 which goes to 0 at infinity, then
the minimizer of the Thomas-Fermi energy ETF (L) =
∑
x∈L\{0}
WTF (‖x‖) among all Bravais
lattices of R2 with density fixed is triangular and unique, up to rotation.
This paper is structured as follows : in Section 2, we introduce the notations; in Section 3, we show
that the minimizer of the Lennard-Jones energy per particle among Bravais lattices with fixed
density, if the density is sufficiently large, it is triangular and unique. Moreover we give numerical
results and a conjecture for the minimization with density fixed and we have arguments in order
to explain why the global minimizer, among Bravais lattices without fixed density, is triangular;
in Section 4, we use proof of Blanc in [4] to find a lower bound for the interparticle distance of
the global minimizer, and finally in Section 5 we study the same kind of problem for the Thomas-
Fermi model only when the density is fixed and we prove that the triangular lattice is the unique
minimizer of the Thomas-Fermi energy per particle in R2.
2 Preliminaries
A Bravais lattice (also called a “simple lattice”) of R2 is given by L = Zu⊕Zv where (u, v) is a basis
of R2. By Engel’s theorem (see [14]), we can choose u and v so that ‖u‖ ≤ ‖v‖ and (û, v) ∈
[pi
3
,
pi
2
]
in
order to obtain the unicity of the lattice, up to a rotation. We note |L| = ‖u∧v‖ = ‖u‖‖v‖ |sin(û, v)|
the area of L which is in fact the area of the lattice primitive cell and L∗ := L\{0}. The positive
definite quadratic form associated with the Bravais lattice L is, for (m,n) ∈ Z2,
QL(m,n) = ‖mu+ nv‖2 = ‖u‖2m2 + ‖v‖2n2 + 2‖u‖‖v‖ cos(û, v)mn.
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For a positive definite quadratic form q(m,n) = am2 + bmn + cn2, we define its discriminant
D = 4ac− b2 ≥ 0. Hence for QL, we obtain :
D = 4‖u‖2‖v‖2 − 4‖u‖2‖v‖2 cos2(û, v) = 4‖u‖2‖v‖2 sin2(û, v) = 4|L|2.
In this paper, the term “lattice” will mean a “Bravais lattice”, and we define, for s > 2, the Epstein
zeta function of the lattice L by
ζL(s) :=
∑
x∈L∗
1
‖x‖s =
∑
(m,n)6=(0,0)
1
QL(m,n)s/2
.
Let ΛA =
√
2A√
3
[
Z(1, 0) ⊕ Z(1/2,
√
3/2)
]
be the triangular lattice of area A, also called the hexag-
onal lattice. Its length is the norm of its vector u, i.e. the minimum distance strictly positive of
ΛA, ‖u‖ =
√
2A/
√
3. We notice, for any s > 2, that
ζΛA(s) =
ζΛ1(s)
As/2
(2.1)
and this relation of scaling is true for any lattice L of area A.
We recall the result of Montgomery about theta functions :
Theorem 2.1. (Montgomery, [22]) For any real number α > 0 and a Bravais lattice L, let
θL(α) := ΘL(iα) =
∑
m,n∈Z
e−2piαQL(m,n),
where ΘL is the Jacobi theta function of the lattice L defined for Im(z) > 0. Then, for any α > 0,
ΛA is the unique minimizer of L→ θL(α) among lattices of area A, up to rotation.
Remark 2.2. The same kind of results were obtained by Nonnenmacher and Voros in [23]. The
previous theorem implies that the triangular lattice is the unique minimizer, up to rotation, of
L 7→ ζL(s) among lattices with density fixed for any s > 2 which is also proved by Rankin (in [25]).
We consider the classical Lennard-Jones potential
VLJ(r) =
1
r12
− 2
r6
whose minimum is obtained at r = 1, and for L = Zu⊕ Zv a Bravais lattice of R2, we let
ELJ(L) :=
∑
x∈L∗
VLJ(‖x‖) = ζL(12) − 2ζL(6)
be the Lennard-Jones energy of lattice L. By (2.1) this energy among lattices of area A can be
viewed as energy L 7→ ELJ(
√
AL) over lattices of area 1 and we parametrize L with its length ‖u‖
and ‖v‖ by
QL(m,n) = ‖u‖2m2 + ‖v‖2n2 + 2mn
√
‖u‖2‖v‖2 − 1.
It follows that we can write Lennard-Jones energy among lattices of area A as
(‖u‖, ‖v‖) 7→
∑
(m,n)6=(0,0)
VLJ
(√
A
√
‖u‖2m2 + ‖v‖2n2 + 2mn
√
‖u‖2‖v‖2 − 1
)
. (2.2)
3
Fig. 1: Graph of the Lennard-Jones potential VLJ
The aim of this paper is to study the following two minimization problems, up to rotation :
(PA) : Find the minimizer of ELJ among lattices L with fixed |L| = A;
(P ) : Find the minimizer of ELJ among lattices.
Proposition 2.3. The minimum of ELJ among lattices is achieved.
Proof. We parametrize a lattice L by x = ‖u‖, y = ‖v‖ and θ = (û, v), therefore
f(x, y, θ) := ELJ(L)
=
∑
(m,n)6=(0,0)
(
1
(x2m2 + y2n2 + 2xymn cos θ)6
− 2
(x2m2 + y2n2 + 2xymn cos θ)3
)
.
First case : minimization without fixed area. If L is the solution of (P ) then x and y cannot be too
small, otherwise the energy is too large and a proof of a lower bound for x is given in Section 4.
Moreover y ≤ 1 because if y > 1 then a contraction of the line Rv gives smaller energy. Therefore
we have x, y ∈ [m,M ] and θ ∈ [pi/3, pi/2]. The function (x, y, θ) 7→ f(x, y, θ) is continuous on
[m,M ]× [m,M ]× [pi/3, pi/2] hence its minimum is achieved.
Second case : minimization with fixed area. We can parametrize L with only two variables x and
y – as in (2.2) – such that when x→ 0 then y → +∞. As L should be a Bravais lattice, it is clear
that the minimum of f is achieved.
3 Minimization among lattices with fixed area
3.1 A sufficient condition for the minimality of ELJ : Montgomery’s method
Our idea is to write ELJ in terms of θL and to use Theorem 2.1 in order to find a sufficient condition
for the minimality of the triangular lattice among Bravais lattices with a fixed area.
Theorem 3.1. If A3 ≤ pi
3
120
, then ΛA is the unique solution of (PA).
Proof. As it is explained in [22] or [29], we can write the Epstein zeta function in terms of a theta
function. Indeed, we have the following identity, where the discriminant of QL is D = 1 :
for Re(s) > 1, ζL(2s)Γ(s)(2pi)
−s =
1
s− 1 −
1
s
+
∫ ∞
1
(θL(α)− 1)(αs + α1−s)dα
α
. (3.1)
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Thus, for |L| = A, we write ELJ(L) = ζL(12)−2ζL(6) as an integral
∫ +∞
1
gA(α)
(
θL
( α
2A
)
− 1
) dα
α
,
up to a constant independent of L and we find A so that gA(α) ≥ 0 for any α ≥ 1. As ΛA is the
unique minimizer of θL(α) for any α > 0, we have for any L such that |L| = A :
ELJ(L)− ELJ(ΛA) =
∫ +∞
1
(
θL
( α
2A
)
− θΛA
( α
2A
))
gA(α)
dα
α
≥ 0
and ΛA is the unique solution of (PA).
In fact (3.1) it is the classic “Riemann’s trick” and here we will briefly recall its proof : as
Γ(s)(2pi)−sQL(m,n)
−s =
∫ ∞
0
ts−1e−t(2pi)−sQL(m,n)
−sdt
for Re(s) > 1, and by putting t = 2piQL(m,n)y, we obtain
Γ(s)(2pi)−sQL(m,n)
−s =
∫ ∞
0
e−2piyQL(m,n)ys−1dy.
Summing over (m,n) 6= (0, 0) and using the identity θL(1/α) = αθL(α) for any α > 0, proved by
Montgomery in [22], we obtain
Γ(s)(2pi)−sζL(2s) =
∫ ∞
0
(θL(y)− 1)ys−1dy =
∫ 1
0
(θL(y)− 1)ys−1dy +
∫ ∞
1
(θL(y)− 1)ys−1dy
=
∫ ∞
1
(θL(1/α) − 1)α−1−sdα+
∫ ∞
1
(θL(α) − 1)αs−1dα
=
∫ ∞
1
(αθL(α)− 1)α−1−sdα+
∫ ∞
1
(θL(α)− 1)αs−1dα
=
∫ ∞
1
θL(α)α
−sdα−
∫ ∞
1
α−1−sdα+
∫ ∞
1
(θL(α) − 1)αs−1dα
=
∫ ∞
1
(θL(α) − 1)α−sdα+
∫ ∞
1
(θL(α) − 1)αs−1dα+
∫ ∞
1
α−sdα−
∫ ∞
1
α−1−sdα
=
∫ ∞
1
(θL(α) − 1)α−sdα+
∫ ∞
1
(θL(α) − 1)αs−1dα+ 1
s− 1 −
1
s
=
∫ ∞
1
(θL(α) − 1)(αs + α1−s)dα
α
+
1
s− 1 −
1
s
.
Now if |L| = A, by the equality D = (2A)2 there are two identities :
(2pi)−6(2A)6Γ(6)ζL(12) =
1
5
− 1
6
+
∫ +∞
1
(
θL
( α
2A
)
− 1
)
(α6 + α1−6)
dα
α
(2pi)−3(2A)3Γ(3)ζL(6) =
1
2
− 1
3
+
∫ +∞
1
(
θL
( α
2A
)
− 1
)
(α3 + α1−3)
dα
α
and we find
ζL(12) =
(2pi)6
30(2A)65!
+
∫ +∞
1
(
θL
( α
2A
)
− 1
) (2pi)6
(2A)65!
(α6 + α−5)
dα
α
ζL(6) =
(2pi)3
6(2A)32!
+
∫ +∞
1
(
θL
( α
2A
)
− 1
) (2pi)3
(2A)32!
(α3 + α−2)
dα
α
.
Therefore, for any L of area A,
ELJ (L) = CA +
pi3
A3
∫ +∞
1
(
θL
( α
2A
)
− 1
)
gA(α)
dα
α
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where gA(α) :=
pi3
A35!
(α6+α−5)−(α3+α−2), and CA is a constant depending on A but independent
of L. Now we want to prove that if pi3 ≥ 120A3 then gA(α) ≥ 0 for any α ≥ 1. First, we remark
that
gA(1) ≥ 0 ⇐⇒ pi
3
A35!
− 1 ≥ 0 ⇐⇒ pi3 ≥ 120A3.
Secondly, we compute g′A(α) =
pi3
A35!
(6α5 − 5α−6)− (3α2 − 2α−3), and if pi3 ≥ 120A3 then
g′A(1) =
pi3
A35!
− 1 ≥ 0.
Finally, we compute g′′A(α) =
pi3
A35!
(30α4 + 30α−7)− (6α + 6α−4). As pi
3
A35!
≥ 1 and α ≥ 1,
pi3
A35!
(30α4 + 30α−7)− (6α+ 6α−4) ≥ 30α4 + 30α−7 − 6α− 6α−4 ≥ 24α + 30α−7 − 6α−4 ≥ 0.
Thus, we have shown that, for any A so that pi3 ≥ 120A3, g′′A(α) ≥ 0 for any α ≥ 1, g′A(1) ≥ 0 and
gA(1) ≥ 0. Hence gA(α) ≥ 0 for any α ≥ 1 if pi3 ≥ 120A3.
Remark 3.2. We have
(
pi3
120
)1/3
≈ 0.63693, hence for A ≤ 0.63692, ΛA is the unique solution of
(PA).
Remark 3.3. We prove below (see Proposition 3.5) that when A is sufficiently large then ΛA is no
longer a solution of (PA). However, our bound pi
3 ≥ 120A3 is likely not to be optimal. If it were,
by the Proposition 4.3 and its remark, then the triangular lattice is not the solution to (P ).
This result explains that the behaviour of the potential is important for the interaction between
the first neighbours because in this case the reverse power part r−12 is the strongest interaction.
This method can be adapted to any potential of the form V (r) =
K1
rn
− K2
rp
with n > p > 2 to
obtain similar results in two dimensions.
Remark 3.4. The three-dimensional case is an open problem. Indeed, there is no result related
to the minimization of theta and Epstein functions among Bravais lattices of R3 with fixed volume.
Sarnak and Stro¨mbergsson recalled in [27] that Ennola had shown in [15] the local minimality of
the face centred cubic lattice for ζL(s) and for any s > 0. They also prove that the face centred
cubic lattice cannot be the minimizer of ζL(s) for all s > 0. Hence the problem of minimization of
Lennard-Jones energy among lattices of R3, and of course in higher dimensions, seems to be very
difficult.
3.2 A necessary condition for the minimality of the triangular lattice for ELJ
Proposition 3.5. ΛA is a solution of (PA) if and only if A ≤ inf
|L|=1
L6=Λ1
(
ζL(12) − ζΛ1(12)
2(ζL(6) − ζΛ1(6))
)1/3
.
Hence if A is sufficiently large, ΛA is not a solution of (PA).
Proof. We have the following equivalences
ELJ(ΛA) ≤ ELJ(L) for any L such that |L| = A
⇐⇒ ζΛA(12) − 2ζΛA(6) ≤ ζL(12) − 2ζL(6) for any L such that |L| = A
6
⇐⇒ 2(ζL(6) − ζΛA(6)) ≤ ζL(12) − ζΛA(12) for any L such that |L| = A
⇐⇒ 2(ζL(6) − ζΛ1(6))
A3
≤ ζL(12) − ζΛ1(12)
A6
for any L such that |L| = 1
by the scaling property (2.1). We recall that ζL(6) > ζΛ1(6) for any L of area A so that L 6= Λ1, as
a consequence of Theorem 2.1 and the Riemann’s trick (3.1). Then we obtain
ELJ(ΛA) ≤ ELJ(L) for any L such that |L| = A
⇐⇒ A ≤ inf
|L|=1
L6=Λ1
(
ζL(12) − ζΛ1(12)
2(ζL(6)− ζΛ1(6))
)1/3
.
It is difficult to study the minimum of function L 7→
(
ζL(12) − ζΛ1(12)
2(ζL(6) − ζΛ1(6))
)1/3
among lattices L 6= Λ1
such that |L| = 1. However, we can numerically look for a lower bound. This function can be
parametrized with two variables – here the lengths ‖u‖ and ‖v‖ of the lattice L as in (2.2) – and we
can plot the level sets of it. We notice that the large differences between the values of the function
only give a domain where the function is minimum.
Fig. 2 : Level sets of (‖u‖, ‖v‖) 7→
(
ζL(12) − ζΛ1(12)
2(ζL(6) − ζΛ1(6))
)1/3
(black = minimum, white = maximum)
Indeed, its minimum seems to be around lattice L of area 1 such that ‖u‖ = ‖v‖ = 1.014 and
for this one, we have
(
ζL(12) − ζΛ1(12)
2(ζL(6)− ζΛ1(6))
)1/3
≈ 1.1378475, hence numerically the minimum of this
function is between 1.13 and 1.14.
Actually Fig. 3 gives the Lennard-Jones energy – viewed as a function of two variables ‖u‖ and
‖v‖ over the lattices of area one (see (2.2)) – for (‖u‖, ‖v‖) ∈ [1, 1.08]2. The triangular lattice Λ1
corresponds to the point
(√
2/
√
3,
√
2/
√
3
)
≈ (1.075, 1.075) and the square lattice Z2 corresponds
to the point (1, 1). In fact it is clear that the point associated with the triangular lattice is a critical
point of this energy, because the triangular lattice is the unique minimizer of Epstein zeta function
among lattices of area A. Moreover we can prove that the square lattice is also a critical point, by
using an other parametrization as (‖u‖, θ). We numerically obtain :
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• For A = 1, Λ1 seems to be its minimizer and Z2 is a local maximizer.
• For A = 1.13, Λ1 seems to be its minimizer but Z2 seems to be not a local maximizer.
• For A = 1.14, Z2 seems to be its minimizer because we estimate ELJ(
√
1.14Λ1) ≈ −4.435 is
larger than ELJ (
√
1.14Z2) ≈ −4.437
• For A = 1.16, Z2 seems to be its minimizer.
• For A = 1.2, Z2 seems to be its minimizer and Λ1 is a local maximizer.
• For A = 2 (and more), Z2 seems to be its minimizer and Λ1 is a local maximizer.
Hence, we can write the following conjecture based on our numerical study of L 7→ ELJ(
√
AL)
among all lattices with area 1 :
Conjecture : If A is sufficiently large, the square lattice is the unique solution of (PA).
A=1 A=1.13
A=1.14 A=1.16
8
A=1.2 A=2
Fig. 3 : Level sets of (‖u‖, ‖v‖) 7→ ELJ(
√
AL) for some interesting values of A
(black = minimum , white = maximum)
4 Global minimization of ELJ among lattices
Now we study the problem (P ). We give high properties for the global minimizer among lattices
and some indications of its shape.
4.1 Characterization of the global minimizer
Proposition 4.1. If L0 = Zu⊕ Zv is a solution of (P ) then
i) ELJ(L0) = −ζL0(6) = −ζL0(12) < 0,
ii) ‖u‖ < 1 and ‖v‖ ≤ 1,
iii) ζL0(6) = max{ζL(6);L such that ζL(12) ≤ ζL(6)}.
Proof. i) We consider the function f(r) = ELJ(rL0) = r
−12ζL0(12)− 2r−6ζL0(6). As L0 is a global
minimizer of ELJ , r = 1 is the critical point of f and f
′(r) = −12r−13ζL0(12) + 12r−7ζL0(6), hence
f ′(1) = 0 ⇐⇒ ζL0(12) = ζL0(6)
and ELJ(L0) = ζL0(12)− 2ζL0(6) = −ζL0(6) = −ζL0(12).
ii) As ζL0(12) = ζL0(6), it is clear that ‖u‖ < 1 because if r > 1 then r−12 < r−6. If ‖v‖ > 1, a
little contraction of Rv yields a new lattice L1 such that ELJ(L1) < ELJ(L0) because some of the
distances of the lattice decrease while ‖u‖ is constant, therefore the energy decreases.
iii) −ζL0(6) = ELJ(L0) ≤ ELJ(L) ⇐⇒ ζL(6) − ζL0(6) ≤ ζL(12) − ζL(6) and if L is a lattice such
that ζL(12) ≤ ζL(6), we get ζL(6) ≤ ζL0(6).
Corollary 4.2. The triangular lattice of length 1 cannot be the solution of (P ) though the minimum
of the potential VLJ is achieved for r = 1.
Proposition 4.3. The minimizer of ELJ among triangular lattices is ΛA0 such that
A0 =
(
ζΛ1(12)
ζΛ1(6)
)1/3
.
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Proof. As in the above proof, we define the function f(r) = ELJ(rΛ1) and we compute its first
derivative f ′(r) = −12r−13ζΛ1(12) + 12r−7ζΛ1(6). It follows that :
f ′(r) ≥ 0 ⇐⇒ r ≥
(
ζΛ1(12)
ζΛ1(6)
)1/6
=: r0
hence ΛA0 = r0Λ1, with A0 = r
2
0 =
(
ζΛ1(12)
ζΛ1(6)
)1/3
, is the minimizer of ELJ among all triangular
lattices.
Remark 4.4. We compute A0 ≈ 0.84912, therefore the length of this lattice is ‖u‖ ≈ 0.99019.
Moreover we notice that ELJ(ΛA0) = −ζΛA0 (6) ≈ −6.76425 (it will be useful for the next part).
Because A0 > 0.63692, Theorem 3.1 is not sufficient to prove that ΛA0 is the solution of (P ) but a
numerical investigation of L 7→ ELJ(
√
A0L) among all lattices of area 1 seems to indicate that the
solution of (PA0) is triangular and unique.
Fig. 4 : Level sets of (‖u‖, ‖v‖) 7→ E(√A0L)
(black = minimum, white = maximum)
Moreover it is not difficult to prove numerically that ΛA0 is a local minimizer among all lattices.
Hence we can write the following conjecture for this problem :
Conjecture : The triangular lattice ΛA0 is the unique solution of (P ).
4.2 Minimum length of the global minimizer
Because our method does not show that the triangular lattice of area A0 is the global minimizer
of the Lennard-Jones energy among lattices, we use Blanc’s proof, from [4], in order to find a
lower bound for the minimal distance in the globally minimizing lattice. His result was for the
Lennard-Jones interaction of N points in R2 and R3. Xue in [37] and Schachinger, Addis, Bomze
and Schoen in [2] improved this. We use Blanc’s method because it is well suited to our problem.
Proposition 4.5. If L0 = Zu⊕ Zv is a solution of (P ), then the minimal distance is greater than
an explicit constant c. Furthermore, we have c > 0.74035.
Proof. In [4], Blanc proved that
ELJ(L0) ≥ VLJ(‖u‖) − 23 + 1‖u‖12
∑
k≥2
16k + 8
k12
− 1‖u‖6
∑
k≥2
32k + 16
k6
.
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As we have ELJ(L0) ≤ ELJ(ΛA0) = −ζΛA0 (6) we obtain
23− ζΛA0 (6) ≥
P + 1
‖u‖12 −
Q+ 2
‖u‖6 .
with P :=
∑
k≥2
16k + 8
k12
and Q :=
∑
k≥2
32k + 16
k6
.
Now, setting t = ‖u‖−6, we have (P + 1)t2 − (Q+ 2)t− 23 + ζΛA0 (6) ≤ 0 which implies
t ≤
Q+ 2 +
√
(Q+ 2)2 + 4(23 − ζΛA0 (6))(P + 1)
2(P + 1)
and we obtain
‖u‖ ≥
 2(P + 1)
Q+ 2 +
√
(Q+ 2)2 + 4
(
23− ζΛA0 (6)
)
(P + 1)

1/6
=: c.
Since P ≈ 0.00988, Q ≈ 1.45918 and ζΛA0 (6) ≈ 6.76425 we get c > 0.74035.
Remark 4.6. As we think that ΛA0 is the unique solution of (P ), this lower bound is the best
that we can find with this method. Moreover, this bound and the second point of Proposition 4.1
imply that 0.47468 < |L0| < 1.
5 The Thomas-Fermi model in R2
In Thomas-Fermi’s model for interactions in a solid, we consider N nuclei at positions XN =
(x1, ..., xN ), with for any 1 ≤ i ≤ N , xi ∈ R2 , associated with N electrons with total density ρ ≥ 0.
Then the Thomas-Fermi energy is given by
ETF (ρ,XN ) =
∫
R2
ρ2(x)dx− 1
2
∫∫
R2×R2
log ‖x− y‖ρ(x)ρ(y)dxdy
+
N∑
j=1
∫
R2
log ‖x− xj‖ρ(x)dx − 1
2
∑
j 6=k
log ‖xj − xk‖.
To introduce this kind of model property in quantum chemistry, refer to [7]. Because the system
is neutral, the number of electrons is exactly N and we study the minimization problem ITFN =
inf
XN
{ETF (XN )} where
ETF (XN ) := inf
ρ
{
ETF (ρ,XN ), ρ ≥ 0, ρ ∈ L1(R2) ∩ L2(R2),
∫
R2
ρ = N
}
.
By the Euler-Lagrange equations for this minimization problem, we find – as it is explained in
Section 2 of [6] and Section 4 of [5] – that the minimizer ρ¯ is the solution of
−∆ρ¯+ piρ¯ = pi
N∑
j=1
δxj .
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It is known that the fundamental solution of the modified Helmholtz equation −∆h + h = δ0 –
also called “screened Poisson equation” – which goes to 0 at infinity, is the radial modified Bessel
function of the second kind, also called the Yukawa potential, defined in [18] and [35], by
K0(‖x‖) =
∫ +∞
0
e−‖x‖ cosh tdt.
Therefore we obtain ρ¯(x) = pi
N∑
j=1
WTF (‖x− xj‖) where WTF (‖x‖) = 1
2
K0(
√
pi‖x‖) and finally
ETF (XN ) =
∑
i 6=j
WTF (‖xi − xj‖) +NC
where C is a constant independent of N and XN . Now, if we consider that the nuclei are in lattice
L, we can study, by taking the mean value of the total energy, the following energy per point
ETF (L) =
∑
x∈L∗
WTF (‖x‖).
Remark 5.1. This potential WTF decreases. Therefore, it is obvious that the right problem is
to minimize this energy among lattices only with a fixed area. We notice that WTF (
√
.) is not
completely monotonic on R∗+, i.e. (−1)n(WTF (√.))(n)(r) is not positive for any n ≥ 0 and any
r > 0. Otherwise, it is explained in [8], by using Bernstein’s Theorem (see Theorem 12b of [36])
about the following representation of a completely monotonic function f
f(r) =
∫ +∞
0
e−rtdα(t)
where α is a non decreasing function, and Montgomery’s Theorem 2.1 for theta functions, that
the triangular lattice is the unique minimizer among lattices of Ef (L) :=
∑
x∈L∗
f(‖x‖2), provided
we have the correct assumptions of convergence, for instance f(r) = O(r−1−η) at infinity for some
η > 0. Nevertheless, a simple idea enables us to use theta functions and we have the following
result :
Theorem 5.2. ΛA is the unique minimizer of ETF among all lattices of fixed area A.
Proof. This problem is equivalent to finding the minimizer of
∑
x∈L∗
K0(‖x‖) among lattices with a
fixed area. We put y = 12‖x‖et for x 6= 0 in the integral formula for K0(‖x‖) :
K0(‖x‖) = 1
2
∫ +∞
−∞
e−‖x‖ cosh tdt =
1
2
∫ +∞
0
e−‖x‖ cosh(ln(2y/‖x‖))
dy
y
=
1
2
∫ +∞
0
e
−y− ‖x‖
2
4y
dy
y
=
1
2
∫ +∞
0
e
− ‖x‖
2
4y e−y
dy
y
.
Now, for any y > 0 and any lattice L of area A, we obtain
∑
x∈L∗
e−
‖x‖2
4y = θL
(
1
8piy
)
− 1. Hence,
by Montgomery’s theorem, the triangular lattice ΛA minimizes θL(α) for any α > 0, and it is the
unique minimizer of L 7→ θL(α) among all Bravais lattices with a fixed area A.
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Therefore, for any y > 0, ΛA is the unique minimizer of the energy Ey(L) :=
∑
x∈L∗
e−
‖x‖2
4y among
lattices with a fixed area A. Now it is clear, because Ey(ΛA) ≤ Ey(L) for any y > 0 and for any
lattice L with area A, that
1
2
∫ +∞
0
Ey(ΛA)e
−y dy
y
≤ 1
2
∫ +∞
0
Ey(L)e
−y dy
y
.
Hence, for any L of a fixed area A : ETF (ΛA) =
∑
x∈Λ∗
A
WTF (‖x‖) ≤
∑
x∈L∗
WTF (‖x‖) = ETF (L).
Remark 5.3. The Yukawa potential appears in many vortex interaction models, as the α-model
in fluid mechanics and in superconductivity (see for example [1] and [28]). Indeed, the second
author recently studied, in [38], Ginzburg-Landau’s model for the interactions between vortices in
superconductors. He proved, by using a more general method – that it can certainly be used for
other potentials – the same result was obtained for minimality of the triangular lattice among all
lattices with fixed density. The use of results from Number Theory in Ginzburg-Landau’s models
for vortices can also be seen in [26].
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